The linkage disequilibrium parameter i between two loci has been evaluated for multiple alleles. It shows that when there is random mating and chromosome pairs satisfy Hardy-Weinberg frequencies the disequilibrium between two multi-allele loci is due to unequal frequencies between coupling and repulsion phases in the double heterozygote.
I. INTRODUCTION
RECENTLY, considerable attention has been directed to associations between the frequencies of alleles at two polymorphic loci. Population geneticists have become interested in the adaptive significance of such associations in an attempt to understand the great number of enzyme polymorphisms found in natural populations (Prakash and Lewontin, 1968, 1971; Kojima, Gillespie and Tobari, 1970; Mukai, Mettler and Chigusa, 1971; Zouros and Krimbas, 1972; Charlesworth and Charlesworth, 1973; Franklin, 1973) . In medical genetics, searches for associations between a variety of diseases and the HLA locus have been undertaken in the hope that these may yield pertinent clues as to the genetics and the pathogenesis of the disease in question (e.g. Svejgaard et al., 1975) . Thus it seems worth while to investigate some of the statistical problems of estimation as well as testing of linkage disequilibrium, A, one of the measures of such associations. Hill (1974) has showed statistical tests for A = 0 and the estimation procedure in the case of two alleles.
In this communication, our attention is primarily directed to the evaluation of the sampling variance, which is necessary to make a significant test of the linkage disequilibrium parameter when it is not zero.
ANALYSIS
(1) Parameters Consider two polymorphic loci, A and B, with two alleles A1 and A2, and B1 and B2, respectively. Let the frequencies of four haplotypes A1B1, A1B2, A2B1 and A2B2 respectively be r11, r12, r21 and r22. Then, x = r11+r12 and y = r11+r21 are allelic frequencies of A1 and B1, respectively. The linkage disequilibrium parameter may be defined as A = r11-xy.
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Another definition in terms of haplotype frequencies is
When there is random mating and chromosome pairs satisfy HardyWeinburg frequencies, the second definition (2) indicates unequal frequencies between coupling and repulsion phases of the double heterozygote. It is easily verified that A = D.
For multiple alleles at each locus, the separate linkage disequilibrium parameter for each haplotype can be defined as
where r is the frequency of haplotype A1B5 (i = 1, 2, ..., nz1; j = 1, 2, m2, in which n1 and m2 are the numbers of alleles at A and B locus, respectively). For m1 = m2 = 2, A = -A2 =
A22
A, as it should be. Since the frequencies of A1 and B1 allele are respectively x = r11+r12+... +T1m2 andy = r11+r21+... +r1, the A value will be A11 = r11-xy
where D(1l; st) r11r-r31r1.
The definition of the separate linkage disequilibrium parameter D(1I; st) was first given by Kimura and Ohta (1971) . For any haplotype, say, A1B, we have = D(ij; st) (4) in which
This is a special case of Nagylaki's formula (Nagylaki, 1977) . This shows that when mating is at random and chromosome pairs satisfy HardyWeinberg frequencies the A value, even in the case of a multiple allele (ii) The sampling variance The variance of the linkage disequilibrium parameter in a large size of sample can be calculated approximately in terms of haplotype frequencies and their variances and covariances. The approximate variance of D is then V(D) = V(r1r) + V(r1r51) -2 Coy (r1r, rr3) (6) in which V(.) and Coy (., .) denote the variance and the covariance, where Coy (D, D') denotes the covariance between two D's and summations are taken for relevant haplotypes. The variance and covariance of haplotype frequencies can be obtained asymptotically by the method of maximum likelihood for any phenotype systems. It has been developed for this purpose a computer program ALLTYPE (Yasuda, 1969) . The program will handle any factor union phenotype system (Cotterman, 1969) which will be constructed numerically by computer from a binary presentation of genes and phenotypes.
(iii) The case of two alleles at each locus
It is worth while to work out analytic formulae for the most simple case with two alleles at each locus. Suppose that n random zygotes sampled from a population, in which there is assumed to be random mating with each locus in Hardy-Weinberg equilibrium, are classified into nine possible phenotypes (both loci are codominant) according to their allelic constitution at two marker loci. Table 1 shows the observed numbers (n's) and the expected frequencies of each phenotype. By chromosome counting (Webster, 1973) , which supplies maximum likelihood estimates, we have = a1+bh, r12 = a2-bh, r21 = a3-bh and r22 = a4+bh, in which a's and b are shown in terms of n's such that a1 = (2n1+n2+n4)/2n, a2 = (n2+2n3+n6+n5)/2n, a3 = (n4+2n7+n8+n5)/2n, a4 = (n6+n8+2n9)/2n and b = n5/2n. Applying the method of maximum likelihood, the approximate variances and covariances are
Coy (s, t) = -s(1 -s)t(1 -t)/(2n Det) and
where Det = s+t-2st-(1-m)t(1 -t)-ms(l -s). The variances of haplotype frequencies are
and
The formulae (8) could be shown in terms of haplotype frequency (Yasuda, 1968) .
The variance of D, according to large sample theory, should be
Note that D m(1 -m)(s-t), and the formula (9) agrees with Hill (1974) in case of D = 0, which corresponds to S t in the present terminology.
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If one of loci is dominant, but the other is codominant, the maximum likelihood solution for m, s and I then could be calculated as follows.
in which n's are the observed numbers shown in table 2, and Ic satisfies a cubic equation With a trial estimate -g(O)/g'(O), the solution k can be obtained by iterative processes. The variance and covariance for t and s become
We also have V(m) = m(l -m)/2n and Coy (m, s) = Coy (m, t) = 0. Thus the variances of D and r's for the codominant-dominant system can be calculated by using (10) for the formulae (9) and (8), respectively. For the case of both dominant loci, the relevant formulae have already been worked out (Bodmer and Bodmer, 1970; Mittal et al., 1973) .
In situations such as test crosses in Drosophila and pedigree studies in man it may be possible to count directly each haplotype. In this casc we have
The expression (11) is identical to the formula of Hill (1974) although the latter was in terms of allelic frequencies. The variance of z for multiallelic loci becomes to
. (12) (iv) .7%/umerical example Bender et al. (1977) have reported on a sample of South African Negroids (n = 791) being scored for each individual's Bf and GLO phenotypes.
They found that no evidence for the linkage disequilibrium by a chi-square test with the 3 x 7 contingency table. They also have identified four alleles in the properdin factor B (Bf) locus, which is known in the major histocompatibility complex, and two alleles of the glyoxalase I (GLO) locus, located about ten centimorgaris apart from Bf locus on chromosome 6 in man. As depicted in table 3, the phenotype data fit Hardy-Weinberg (234) 139 (1310) 183 ( or GLO (x2 = 1-00, d.f. = 1) or Bf (x2 = 7-28, d.f. = 6) separately.
The eight haplotype frequencies, and their variances arid covariances, were calculated by the computer program ALLTYPE.
The eight values of which were calculated from twenty-four separate linkage disequilibrium parameters D(j; SI), together with the standard errors, are shown in table 4. None of them was significantly different from The linkage disequilibrium parameters for the Bf and GLO system in African Jvegroid (n = A combined test for the two locus system may be performed by a statistic
with (m1 -1) (m2 -1) degrees of freedom. In the present example, x2 = 1 82 with three degrees of freedom (P> 05). That is, the Bf-GLO system is in linkage equilibrium in African Negroids, corroborating the conclusion of Bender et al. (1977) . We lumped F and Fl, and S and Si, respectively, in the .Bf locus. Thus, two codominant systems with two alleles at each locus are constructed for purposes of illustration. We then have n1 23, n2 = 154, n3 = 199, n4 = 23, n5 131, n6 = 183, n7 = 3, n8 = 32, n9 = 43 and n = 791.
From these, we have a1 = 014096081, a2 = 0-54740834, a3 = 012136536, a4 = Oi9026549 and b = 0-08280657. A relation a1+a2+a3+a4 = 1, may serve for a check on computation. Then, we obtain c1 = -021017699 = 0-03291848 and c3 = 000l1l044. A trial estimate of H is c3/c2 = 0-03373303 so that f(H) -000020077 and f'(H) = 0-02215243.
The improved value will be 004279614. Further iterative cycles gave f(H) = -0-00000822 and f'(H) = 0-02042348 so that H = 0-04319862 and h = 052168l07. Thus, the maximum likelihood estimates of frequencies of haplotypes, F-i, F-2, S-i and S-2, together with standard errors, are respectively r11 = 018417±001130, r12 = 050420 r2 007816±000876 and r22 = 023347±O0ll91. The transformed variables should be m = 0.68837, s = 026755 and t = 02508l.
The degree of linkage disequilibrium D then should be 0.00395 000594 which is not significant (x2 = 044, d.f. = 1) (table 5).
Assuming that either the F-F and F-S phenotypes in the Bf locus or the 1-i and 1-2 phenotypes in the GLO locus could not be distinguished in the data, we would have two dominant-codominant and one dominantdominant systems. As an example, let allele 2 in the GLO locus be recessive.
Then, we have n1 = 177, n2 = 199, n3 = 154, n4 = 183, n5 = 35 and n6 = 43. A trial estimate of k will be -g(0)/g'(O) = -(-0.00310904)1 for the sake of comparison of the different models.
Dsscussxorc AND CONCLUSIONS
The aims of this investigation were to show the degree of linkage disequilibrium for two loci, each with multiple alleles and with unequal frequencies of coupling and repulsion phases in double heterozygotes, with mating at random and chromosome pairs satisfying Hardy-Weinberg frequencies. It was also the aim to develop a test for the null hypothesis that z 0, and for estimation of the parameters. In some current work significance is tested by a contingency chi-square without estimation of the degree of linkage disequilibrium (Sinnock and Sing, 1972; Mukai el at., 1974; Bender et at., 1977) . Although the numerical example shown here did not reveal any disequilibrium, the procedure developed in this communication allows not only for estimation, but also for testing the degree of linkage disequilibrium.
We are not going to discuss the efficiency of the sampling variance of D.
A discussion has been provided by Hill (1974) .
Finally, it may be worth while to mention that the analytic formulae developed could be applied to blood group systems such as MNSs and Rh in certain circumstances.
